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INTRODUCTION 
The value of equimeasurable rearrangements has been well established by 
Zygmund [6, Chapter I, Section 13, Chapter XII], Hardy and Littlewood [2, 
Chapter X] and others. Investigators have also used the concept as a starting 
point for new directions in functional analysis and inequalities. 
One still feels that the relationship between a function and its rearrange- 
ments might stand some further scrutiny. This work proposes to clarify the 
connection between a function and its decreasing rearrangement. Some of 
the properties which are shared will be described and certain questions of 
interest will be settled. More important will be the preparation of the neces- 
sary machinery so that further studies may be conducted with some degree of 
facility. 
Because of the nature of the questions to be raised, attention will be con- 
fined to a finite nonatomic measure space, namely P(O, 1). For the sake of 
clarity and in the remote hope that such a notational device will become 
adopted, bold face will be used to denote equivalence classes of measurable 
functions. Most constructions will actually take place with representatives 
from the classes but statements of results will avoid ambiguity wherever 
possible. The class determined by a measurable f will be represented by f. 
If p represents Lebesgue measure on the unit interval I = [0, l] and f is 
measurable then the distribution 
m(r) = Af > Y> 
is a right continuous, nonincreasing function. The right continuous inverse 
of rn is 
f*(X) = ,gy, 
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and f* is called the decreasing rearrangement of f. Relevant facts regarding f 
and f* are contained in [3] although the definition given above is all that will 
be required in this paper. 
1. CONSTRUCTION OF MEASURE PRESERVING TRANSFORMATIONS 
The definition of a measure preserving transformation connecting a 
measurable function f with its rearrangement f*, while unpleasant to the eye, 
actually works out to be rather tractable. The following results contain the 
necessary verifications which show that the given function has the desired 
properties. 
PROPOSITION 1. I f  f  is measurable in I, define 
where 
v(x) = df > f  Cd> + /-4f = f  W-2 (1) 
{f =f @>>- = {t : f  (t) =f (x), t d x>. 
Then v  is measurable. 
Proof. The sets involved in the definition of v are seen to be disjoint; 
in general, the second term vanishes. More precisely, there exists a sequence 
“1 ).. .) a, ).. . of distinct number9 such that {f = c+J = E, has positive 
measure (n = 1,2,...) and ( f  = y} has measure zero for all other values of y. 
The second term in the definition of q is simply 
which is clearly measurable. 
Define #(x) = CL{ f  > f  (x)}. Then 4, h ence p, will be measurable provided 
(# < a} is measurable for each 01, 0 < (Y < 1. Assume that f  is finite valued 
in I. The remaining cases may be handled by an argument similar to that 
given below. Choose 
y. = WY : Af >Y> < 4 
Then y < y. implies p{ f  > y} > 01, where it may be necessary to choose 
y,=-coifol=landy,=+coifor=O.Onehas 
1 The values * CO are not excluded from this discussion. 
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and the set on the right is measurable. In order to prove this, assume that 
x E {f > yO}. Then 
sothatxE{#<ol).C onversely, if x lies in the left set, then p{ f  > f(x)> < 01 
and so f  (x) >, y,, . 
It might be conceded that p is measurable since it can be written. On the 
other hand, one might argue that y depends on the choice of f  and not f. 
However, a moment’s reflection upon the definition of ‘p shows that the 
functions in f define equivalent functions v. That is, f defines an element 9. 
Indeed, cp enjoys even further desirable properties. 
PROPOSITION 2. The function ‘p defined by (1) is measure preserving. 
Proof. If 0 < 01 < 1, there exists a pair x0 , y0 of (extended) real numbers 
such that 
Af > Yd + k4f = Yo) n LO, 4) > O1 
whenever x > x,, and y = y,, or whenever y < y,, and x is arbitrary, In fact, 
for the pair x,, , y0 equality obtains. For example, if 0 < x0 < 1 and a strict 
inequality less than (Y occurred, then one could obviously increase x,, without 
violating the inequality. If X, = 1 and p( f  > y,,} < 01, then, since 
the sets on the right constitute an increasing family of which at least one 
must have measure less than 01. 
It will now be shown that for each 01, 0 < CL < 1, 
{P’ < 4 = { f  > ~~1 u (if = Y& n LO, 4) (2) 
from which one concludes that a, is measure preserving. If v(x) < 01, then 
Af > f  (4 + /4f = f  (x)1- G % 
whence f(x) > ye , or f  (x) = y0 and x < x,, , so that x belongs to the right 
side of (2). Conversely, if x lies in the right set, then f  (x) > yO or f(x) = y,, 
and x < x,, . In either case 
P)(x) = {f >f (41 u lf =f w- 
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has measure not exceeding 01. Thus, {v < a} = q-l([O, LX]) has measure 01. 
Since 
one obtains 
Therefore, ~-~(a, b) = b - a which, by limiting processes, proves that 9-r 
preserves measure. 
The relationship between f and qa becomes apparent in the next result. 
PROPOSITION 3. If f is measurable and cp is dejned by (1) then f* o cp = f. 
Remark. Although cp is measure preserving, in general, it is not invertible. 
Furthermore, there may be no measure preserving transformation + satis- 
fying f* = f 0 9. Indeed, it suffices to consider the function f (x) = 2x (mod 1) 
(which is measure preserving) for which f *(x) = 1 - x. 
Proof. If (a, b) is an interval such that pL(u <f < b} = 0, it will be assum- 
ed that (a, b) is maximal with respect to this property. Divide the real numbers 
into such maximal intervals {(a, , b,)}-if any exist. 
For x E I, set 
Yo = sup 
m(y)>dx) 
Y- 
Taking y = f (x), one has m(y) < v(x) and, since m(y) does not increase with 
y, it must be that y. <f(x). If y. <f(x), then p{yo <f <f(x)> = 0 and 
clearly (except perhaps when x = 1) p{ f = f (x)}- = p{ f = f (x)> = 0. By 
its very definition, y. must be the left end point of some maximal interval 
(a, , b,) and f (x) < b, . 1 n either case x lies in one of a countable collection 
of null sets and so, omitting a possible set of measure zero, 
(f * o d (4 = m(;)y&x, Y = f(x). 
Formula (1) thus provides a concrete assignment of a measure preserving 
transformation p to each measurable f such that f * o CJJ = f. By and large, ‘p 
will not be unique, since one may change it by other measure preserving 
transformations on sets of constancy off. In addition, although q~ may reflect 
some of the properties off, it will generally fail to inherit these properties. 
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For example, the expression 
I d4 - dY)l = Af(Y) <f GfW + PL(f =f(r>l- - Af =fW 
(when f(y) <f(x)), 
shows that if f is continuous at x and CL{ f = f(x)} = 0, then p is continuous 
at x. This remark will be utilized later. There does not appear to be much 
more one can say regarding the preservation of continuity or even semi- 
continuity between the two functions. Moreover, Fig. 1 illustrates the graph 
of a function f of bounded variation for which the corresponding p has 
unbounded variation. Because of this, one cannot a priori guarantee that q~ 
will be differentiable, given that f is of bounded variation. 
f IO 
FIGURE I 
2. COMPARISON OF DERIVATIVES 
When f is of bounded variation then so too is f * and though f * 0 v = f, 
one cannot ordinarily deduce the points of differentiability of v. However, 
since f and f * are differentiable almost everywhere, one may choose a set D 
of measure 1 in which both f’ and (f *)’ 0 q~ exist, are finite and f = f * 0 p 
The next sequence of results will lead up to a comparison of theP-norms of 
f’ and (f*)‘, given that f’ exists and is summable-especially when f has 
bounded variation. 
LEMMA 1. If f is measurable in I and f ‘(x0) # 0,O < x0 < 1, there exists a 
nez~hborhood (x,, - 6, x0 + S) in which p(x) # ~(x,,) whenever x # x0 . 
Proof. Assume that f ‘(x,,) > 0 so that in some interval (x0 - 6, x0 + 6) 
one has f (x) -f (x,,) positive or negative according as x > x0 or x < x,, . If 
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x > x0 , then v(x) < ~(x,,). Otherwise q(x) = ~(x,,) must hold, from which 
P{f(Xo) <f G f(x)> = 0 f o 11 ows. This is clearly impossible sincef(t) +f(x,,) 
as t -+ x0 . In some interval (x0 , x,, + 7) one necessarily has 
0 <f(t) -f(Xo) <f(x) -f&o>* 
A similar argument is valid for x < x,, in that v(x) > ~(x,,) must hold near x0. 
LEMMA 2. If x0 E D andf’(x,)= 0, then ( f *)’ (&c,,)) = 0. 
Proof. Suppose that q, restricted to D, is discontinuous at x0 . Then for 
some sequence {xn} in D, x,, + x,, but v(x,J tt I. Passing to subsequences, 
one may assume that 
6) dd -+ 2 with dx,J < dxo), 
or 
(ii) T&J 7 2 with q&J > dxo), 
as n + oc), where f # I. In either case 
f *(dxn)) = f (xn) - f(xtl) = f *(dxLl))* 
Furthermore, f *(v(x,J) > f *(p(xJ) in case (i), with the inequality reversed 
in the second case. Because f * is nonincreasing, it follows directly in case (i) 
that f *(a) = f *(v(xs)), whereas in case (ii), either f *(a) = f *(q(x,,)) or else 
for some 71, f *(cp(x,J) = f *(v(x,,)). The latter event may occur when f * 
experiences a downward jump at 2. Actually f *(cp(x,)) will equal f *(q(x,,)) for 
all but finitely many values of n when that happens. This shows that cp(x,,) 
must lie in or at the end of an interval of constancy off *. Since (f *)’ is 
assumed to exist at 9(x,,), its value there must be zero.2 
If v is continuous at x0 , let {xn} be any sequence in D for which x, -+ x0 
and p(x,J # IJJ(x,,), n = 1,2 ,... . For such a sequence, 
f *(dxJ) - f *(dxlJ) . dxn) - dxcl) = f (xn) - f(x0) 
dxn> - dxo) %I - x0 xv2 - x0 
One concludes that if (f *)’ (v(xo)) # 0 then 
lim I - ~(‘0) = 0 
x,-q x, - X” 
Obviously the same can now be said for all sequences in D -{x0} which 
converge to x0 . Hence, relative to D, #(x0) = 0. 
a What has actually been established is that if f is continuous at x0 , F discontinuous 
at x0 (in D) and (f*)’ exists at p)(x,), then it must vanish there. 
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Remark. Since v is measure preserving, it cannot map sets of positive 
measure onto single points. Consequently, there must exist sequences 
x,, -+ x,, in D for which v(x,J # ~(x,,). 
The conclusion that $(x0) = 0 will be contradicted by the next result, 
from which it may be concluded that (f *)’ (cp(x,,)) # 0 was impossible. As in 
the preceding, differentiability is understood to be taken within D. 
PROPOSITION 4. If  q~ is measure preserving and dzxeerentiable at x,, , then 
I ~‘(Xo)l 2 1. 
Proof. If 1 #(x,J/ < 1, there exists an interval (x0 - 6, x0 + 6) such that 
I 
v(x) - Y-Go> 
x - x0 
(gxo) < E 
for 0 < 1 x - x,, 1 < 6 and x E D. Choose E so small that 
I dx) - dxo)l < h I x - x0 I 
where 0 < h < 1 and 0 < 1 x - x0 1 < 6. Thus, the image of 
(x, - 6, x0 + 6) n D 1 ies in E = (v(xo) - X6, v(xo) + hS) whose measure is 
2hS < 26 = p{(xo - 6, x0 + S) n D}. But then y-l(E) has measure US and 
contains (x0 - 6, x0 + S) n D, a contradiction. 
The principal result given herein generalizes that of G.F.D. Duff [I] who 
gave it for absolutely continuous functions. At the same time, it settles the 
question raised at the end of [l] regarding the case where f is of bounded 
variation. 
THEOREM. If f  is diferentiable almost everywhere then for any p > 0 
Proof. As before, let D represent the set in which f’ and (f *)’ 0 q~ exist 
and f  = f  * 0 F. Note that f  * is differentiable almost everywhere given only 
that f  is finite and measurable (a.e:). A consequence of Lemma 2 is that if 
x0 E D and (f *)’ (v(xo)) # 0 then f  ‘(x0) # 0 and ‘p is continuous at x0 . For x 
sufficiently close to x0 , 
f  *(F(x)) if *(&o)) .9(x) - 9)(x0) = f(x) -f (x0) 
P)(x) - P@o> x - x0 x-x0 ’ 
3 The integrals may be infinite. However, they will both be finite if f is of bounded 
variation and p Q 1. 
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and division by zero will not occur. Passing to the limit one obtains 
( f “1’ WON * 94%) = f’(%)* 
Proposition 4 asserts that 1 $(x,,)l > 1 and, if 
then 
E = {x E D : ( f *>’ (p)(x)) f 0) 
1, I(f*)’ o 9J IP d j, l(f*)’ .a v IP * I P’ lP = 1, If’ IP < s, If’ IP. 
Adjoin to E those x for which (f*)’ (v(x)) = 0 and obtain 
1, I(f*Y o v lP = I, Kf*> lP G /, If’ I9 (3) 
since 9) is measure preserving. 
Call a function singular if its derivative vanishes (a.e.). Then two immediate 
consequences of this theorem are contained in the following. 
COROLLARY 
(a) The decreasing rearrangement of a singular function is again singular. 
(b) There are no singular measure preserving transformations. 
Naturally (b) follows from the earlier remark regarding derivatives of measure 
preserving transformations. 
A strict inequality may occur in (3) to the extent that f’ never vanishes, 
f = cf’ and yet (f*)’ = 0 (a.e.). A partial construction of an example is 
illustrated below (Fig. 2). The function on the left representsf(x) for (say) 
f f” 
FIGURE 2 
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0 < x < $, and is equal to 0 otherwise. It is so constructed that its decreasing 
rearrangement on the right, is the third stage in the construction of a strictly 
decreasing singular function (see [5]). By continuing the construction on the 
left, one ends up with a function whose rearrangement is precisely the decreas- 
ing singular function. 
3. ABSOLUTE CONTINUITY AND EQUALITY 
Even though the function f described in the preceding example is equal to 
the integral of its derivative, it is clear that f is not absolutely continuous. The 
next theorem asserts that the example cannot be improved in that direction. 
THEOREM. If f is absolutely continuous, then so is f *. 
Proof. A function is said to satisfy Luzin’s condition (N) if it maps sets of 
measure zero into sets of measure zero. In particular, an absolutely continuous 
function on a closed interval has this property. Furthermore, it is easily 
verified that f * will be continuous whenever f is continuous. A continuous 
function on I which is of bounded variation is absolutely continuous if and 
only if it satisfies condition (N) [4, p. 2271. Let B CI have measure zero and 
write f = f * 0 v, v measure preserving. Then g.+(B) has measure zero and 
so must f (v-l(B)) = f *(B) because f is absolutely continuous. 
It would not be difficult to exhibit an example of a continuous function of 
bounded variation with the property that f’ # 0 on a set of measure 1 - E 
whereas (f *)’ = 0 (a.e.). Thus, it does not seem feasible to relate the abso- 
lutely continuous and singular parts off and f * separately. 
In conclusion, it will be noted from the proof of the theorem that 
li(f*)‘//, = // f’ [ID requires 
and 
f’(X) = 0 xeI-E 
v’(x) = f 1 x E E. 
This may be viewed as saying that v, restricted to E, is essentially one-one. 
Indeed, suppose that 1 p’(x,)l = j v’(x,)l = 1 where x1 + x2 . Then inequal- 
ities / p)(x) - ~JJ(XJ < (1 + e) I x - xi I will hold in disjoint neighborhoods 
(xi - S, xi + 6) where i = 1, 2 and E, 6 are positive. If I = ?(~a), then v 
would map both intervals about x1 and x2 into an interval of lengthap prox- 
imately 26. This violates the measure preserving character of v. Little can 
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